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This manuscript describes the rolling locomotion of a polyhedral robot. Polyhedral robots may

be able to be stationary without wasting energy because they contact with a slope at a surface

or multiple points. However, knowledge of the mechanisms and the control strategies of the poly-
hedron robot is little. The outer shell of our prototype has an expanded icosidodecahedron body,

which has four types of contact surfaces. This robot has an eccentric motor inside to shift the

center of gravity of the robot and generate the inertia force. This robot rolls by the reaction force
of the centripetal force when the eccentric motor is rotated. In this manuscript, a rolling condition

of a polyhedral robot is derived based on Zero Moment Point (ZMP). Based on several analyses,

we show that changing the magnitude of the angular velocity of the motor shifts the position
of the ZMP; however, the angular velocity should be set an appropriate value. Through several

experiments, we clarify the characteristics of this prototype.

1. Introduction

This manuscript discusses the rolling motion of a polyhedral robot. In the field of robotics,

various mobile robots have been studied. In particular, spherical robots are expected to

play an active role in various areas of the leveled floor. In spherical robots, many types of

research have been conducted not only from the viewpoint of mechanisms but also from

the viewpoint of driving strategies. In the researches of the mechanisms, the designs of the

internal structure are briefly studied, and driving mechanisms with a simple wheel,1 a car,2

fixed internal propulsion mechanisms,3 attached rotors,4 gyros5 and eccentric motors6 have

been proposed. In the researches of the driving strategies, the studies in terms of feedback

control,7 stability analysis,8 and motion planning9 have been proposed.

In comparison with the researches of the spherical robot, the research of the polyhedral

robot is very little from the viewpoint of the mechanisms and the driving strategies. A poly-

hedral robot with a tensegrity body10 has been proposed as an outer shell mechanism. In the

research of an internal mechanism of a polyhedral robot, a cubic robot with inverted pen-

dulums11 has been proposed. Since spherical robots make contact with a slope at one point,

they must consume energy when they are stationary. On the other hand, polyhedral robots

may be able to be stationary without wasting energy because they contact with a slope at a

surface or multiple points. Moreover, the fundamental conditions for the continuous rolling

of a polyhedral robot have not been clarified.

This manuscript reveals a rolling principle of a polyhedral robot with eccentric motors.

The conditions under which a polyhedral robot rolls when a motor performs uniform circular

motion are examined through a physical model. A rolling condition of a polyhedral robot is

derived based on Zero Moment Point (ZMP). This manuscript is organized as follows: the

next section briefly outlines the fabrication and the formulation of a polyhedral robot with

eccentric motors. An expanded icosidodecahedron shape is applied to the outer shell. Section

III discusses experimental results to reveal the fundamental properties of our prototype. We

confirm the rolling angle of a polyhedral robot for a slope. We experimentally evaluate

that a polyhedral robot can be stationary on a slope without energy consumption. We also

experimentally confirm that the polyhedral robot rolls by the uniform circular motion of
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Fig. 1. Outer shell

Fig. 2. Rotation mechanism

the eccentric motor. Section IV presents our summary.

2. Expanded icosidodecahedron-type rolling robot

2.1. Outer shell

This section describes the outer shell of the polyhedral robot developed in this research. A 
toy called “Zometool”12 is applied to the outer shell. Zometool is composed of spherical parts 
called nodes and rod parts called struts. The diameter of the node is approximately 18 [mm]. 
Our prototype consists of three kinds of struts, blue, red, and yellow struts. The lengths of 
blue, red and yellow struts are 65 [mm], 62 [mm] and 55 [mm], respectively. This prototype 
applies an extended icosidodecahedron body to the outer shell (Figure 1). The body consists 
of 120 red struts, 120 blue struts, and 120 nodes. The expanded icosidodecahedron body 
consists of four-type surfaces: triangle, quadrangle, pentagon, and rhombus. These surfaces 
are 20 triangles, 60 quadrangles, 12 pentagons, and 30 rhombuses. Besides, 40 yellow struts 
and eight nodes are used to add to the strength of the pentagonal surface of the outer shell. 
The outer shell has a diameter of about 470 [mm], the circumference of about 1477 [mm], 
and the mass of 437 [g]. Since this robot has four kinds of surfaces, the rolling from various 
contact situations between the body and the floor can be confirmed experimentally.
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(a) Initial state (b) Rolling state

Fig. 3. Rolling concept

Fig. 4. Physical model of a polyhedral rolling robot with an eccentric motor

2.2. Internal mechanism

Figure 2 shows the internal mechanism of the polyhedral robot. The mechanism consists of

two eccentric motors. A link with a weight at the tip is fixed to each motor. The rotation

of these motors changes the gravity offset and rotational inertia of the polyhedral robot.

The rotational mechanisms with a height of 184 [mm], a width of 80 [mm], and a depth of

26 [mm] were fabricated by a 3D printer using ABS resin. Two servomotors (Dynamix AX-

18A, made by ROBOTIS) were fixed to both sides of the rotation mechanism. The weights

are 200 [g]; hence, the total weight of 400 [g]. In order, U-shaped parts are fixed the outer

motors. This U-shaped part is fixed to the outer shell to prevent the motor from spinning

around. The mass of the U-shaped mechanism is 940 [g], and the total weight of the internal

mechanism is 1340 [g]. By moving two motors simultaneously, the robot realizes a linear

rolling motion.

2.3. Rolling principle

This robot rotates using the gravity offset and rotational inertia of the internal mechanism.

As stated in Figure 2, the internal mechanism consists of the link with weights at the tip. In

the initial state, the link is positioned vertically downward and rotated toward the robot’s

traveling direction (Figure 3). Figure 4 shows the model of the robot to clarify the rolling

187



principle. This model verifies the rolling motion in the 2-dimensional plane with gravity. The

position of the rotary motor is the origin of the coordinates. Let τ be the torque applied

to the motor. As shown in the figure, θ is the angle between the link and the y-axis. Let

l be the distance between the edge against the moving direction of the outer shell and the

y-axis. One surface of the outer shell of the polyhedral robot contacts on the flat floor. Let

h be the distance between the ground and the axis of rotation. Let m0 and I0 be the mass

and the moment of inertia of the outer shell. Let m1 and I1 be the mass and the moment

of inertia of the link with a weight. Henceforth, the subscripts 0 and 1 imply the outer shell

and the link, respectively. Let ωi (i = 0, 1) be the angular velocity of the shell and the link.

The positions of the center of gravity of the shell and the mass are also described as xi and

yi (i = 0, 1).

Zero Moment Point (ZMP)13 is used to formulate the rolling condition of polyhedral

robots. The ZMP is the center of pressure of the floor reaction force, and when the ZMP

exists outside the support polygon of the robot, the polyhedral robot rotates. Many studies

of ZMP have been carried out from the viewpoint of gait generation of biped robots.14–16

We set point Z inside the floor and calculate the moment around point Z. Let g be the

gravitational acceleration. The moment around the point Z, MZ , describes the sum of the

moment of inertia and the moment of gravity. Therefore, MZ is described as the following

equation.

MZ =
1∑

i=0

Iiω̇i +
1∑

i=0

mi{ẍi(yz − yi)− ÿi(xz − xi)}+
1∑

i=0

mi(xz − xi)g, (1)

where xz and yz are the x and y positions of the point Z, respectively. Assuming that the

ZMP (xzmp, −h) is located on the floor, Equation (1) becomes as follows.

0 =

1∑
i=0

Iiω̇i +

1∑
i=0

mi{−ẍi(h+ yi)− ÿi(xzmp − xi)}+

1∑
i=0

mi(xzmp − xi)g. (2)

Equation (2) rearranges for xzmp:

xzmp =
m1ẍ1(h+ y1)−m1x1ÿ1 +m1x1g

(m0 +m1)g −m1ÿ1
, (3)

where ω̇0, ẍ0 and ÿ0 are zero. We assumed that the center of gravity of the outer shell

coincides with the origin (x0 = 0 and y0 = 0). For the sake of simplicity, we also assumed

that the link is an uniform circular motion (ω̇1 = 0).

To clarify the structure of the analytical equation, the ZMP is confirmed when the link

is in a uniform circular motion. The magnitude of the angular velocity of the link in this

situation is assumed to be w; hence, w1 = w. The distance between the center of gravity of

the link and the axis of rotation denotes r1, and the following equations are satisfied.

ẍ1 = r1ω
2 sin θ, (4)

ÿ1 = −r1ω2 cos θ. (5)

Therefore, Equation (3) describes as follows:

xzmp(θ) =
(hm1r1ω

2 +m1r1g) sin θ

(m0 +m1)g +m1r1ω2 cos θ
. (6)

The ZMP is expressed as a function of angle θ. Here, max {xzmp(θ)} is defined as xmax when

0 < θ < π, and then, the conditions under which the polyhedral robot rolls are expressed

by the following equation.

xmax > l. (7)
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Fig. 5. Experimental setup for measuring rolling angles

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 6. Contact situations

We have xmax as follows:

xmax =
hm1r1ω

2 +m1r1g√
(m0 +m1)2g2 −m2

1r
2
1ω

4
, (8)

where, xmax is strictly increasing with respect to ω. Therefore, changing the magnitude of

ω shifts the position of the ZMP; however, the angular velocity ω should be satisfying the

following condition:

(m0 +m1)g > m1r1ω
2. (9)

3. Experiments

3.1. Rolling angle of each contact situation

In this manuscript, the maximum angle of the slope where the polyhedral robot does not roll

is called “rolling angle.” The experimental setup for measuring rolling angles shows Figure

5. We set the base l of the slope to 300 [mm], and change the height h [mm] to calculate

the angle θ [rad] based on the following equation:

θ = tan

(
h

l

)
× π

180
. (10)

The surface of the slope is composed of a resin board (PLAPLATE 2mm B4SIZE made by

Tamiya). We measure five times the rolling angle for a contact condition and calculate the

average value. The robot is not energized during the experiments.
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In these measurements, not only the shape of the current contacting surface but also the 
traveling direction are considered. That is, the shape of the next contacting surface after 
rolling is also considered. In our prototype that has an expanded icosidodecahedron body, the 
contacting situations are eight patterns: (a) transition from a triangular surface to a rhombus 
surface, (b) transition from a triangular surface to a quadrangular surface, (c) transition 
from a quadrangular surface to a triangular surface, (d) transition from a quadrangular 
surface to a pentagonal surface, (e) transition from a pentagonal surface to a rhombus 
surface, (f) transition from a pentagonal surface to a quadrangular surface, (g) transition 
from a rhombus surface to a pentagonal surface, (h) transition from a rhombus surface to 
a triangular surface. The vertices of our prototype are composed of nodes; therefore, the 
robot is in multi-point contact with the floor.

Table 1 shows the rolling angle for each contacting situation. From the table, the poly-

hedral robot could be stationary without wasting energy because they contact with a slope 
at multiple points. Moreover, it was clarified that the rolling easiness of this prototype was 
different for each contacting surface and traveling direction. In our prototype, the case of (c) 
is the contact state in which the robot rotates most easily. These experiments are consistent 
with placing the ZMP of the robot outside the support polygon of the outer shell by tilting 
the slope. According to Equation (7), the rolling condition depends on the distance between 
the axis of rotation and the edge of the outer shell. Therefore, the reason why the rolling 
angle differs according to the traveling direction even in the same contacting surface is due 
to the difference of length l.

3.2. Rolling motion

This section describes the effect of the angular velocity of the motor of the internal mech-

anism on the translational speed of the prototype. As stated in the previous section, the 
rolling easiness of this prototype was different for each contacting surface and traveling 
direction. In this experiment, the rolling from the easiest situation (case (c)) was applied 
to the initial state of the prototype. Based on Equation (9), we choose the angular veloc-

ity ω carefully. In our prototype, m0, m1, r and g were 1.29 [kg], 0.51 [kg], 0.085 [m] and 
9.81[m/s2], respectively. Therefore, we should set ω below 20.2 [rad/s]. The magnitude of 
the translational velocity is measured when the robot is placed on a flat floor, and the travel 
distance is 2 [m]. Figure 7 shows a typical rolling motion. In this figure, the angular veloc-

ity ω is 3.8 [rad/s], and the polyhedral robot rolls by the uniform circular motion of the 
eccentric motor.

Figure 8 shows the relationship between the angular velocity of the servomotor and the 
translational speed of the body. The angular velocity of the internal servomotor was varied 
in the range of 1.7–4.5 [rad/s]. When the angular velocity was set outside this range, the 
body did not move sufficiently, and the data could not be measured. From the result of 
Figure 8, it was found that the translational speed of the body was largest when the angular 
velocity of the motor was 3.8 [rad/s] in this prototype. Therefore, these results suggest that 
the angular velocity of the motor of the internal mechanism must be set appropriately to 
increase the translational speed. As stated in Equation (6), the position of ZMP depends 
on the link angle θ. That is, it is suggested that the angle θ should be kept constant during 
the motion of the robot to keep the position of ZMP outside the support polygon of the 
outer shell and continue rolling at a constant translational speed. This is a future work to 
be solved from analyses and experiments.
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Table 1. Rolling angles against each contact situation

Contact surface

Current Next h [mm] θ [rad]

(a) Triangle Rhombus 55.0 0.181

(b) Triangle Quadrangle 36.8 0.122

(c) Quadrangle Triangle 24.4 0.081

(d) Quadrangle Pentagon 72.2 0.236

(e) Pentagon Rhombus 51.6 0.170

(f) Pentagon Quadrangle 79.2 0.258

(g) Rhombus Pentagon 70.0 0.229

(h) Rhombus Triangle 26.6 0.088

(a) 0 s (b) 1 s (c) 2 s (d) 3 s

Fig. 7. Typical rolling motion (ω = 3.8 [rad/s])

Fig. 8. Experimental results (weight: 400 [g])

4. Summary

This paper described a rolling principle of a polyhedral robot with eccentric motors. We

applied an expanded icosidodecahedron body to the outer shell of the prototype because

the body has four kinds of surfaces. Polyhedral robots could be stationary without wasting

energy because they contact with a slope at multiple points. This robot rotated using the

gravity offset and rotational inertia of the internal mechanism through the physical model.

Notably, the conditions under which a polyhedral robot rolls when a motor performs uniform

circular motion were examined through a physical model.

A rolling condition of a polyhedral robot was derived based on Zero Moment Point

(ZMP). Through analyses, changing the magnitude of the angular velocity of the motor

shifts the position of the ZMP; however, the angular velocity should be set an adequate

value. Moreover, We evaluated the relationship between the angular velocity of the motor

of the internal mechanism and the translational speed of the body experimentally. The

results indicated that the angular velocity of the motor of the internal mechanism had to
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be appropriately set to raise the moving speed in this prototype.

In this manuscript, only linear motion is considered; hence, the future works include

the realization of three-dimensional movement. Besides, the effect of angular acceleration

was not verified in detail. According to Equation (2), the position of the ZMP depends

on the moment of inertia and angular acceleration of the prototype. There is a possibility

that the ZMP is easily placed outside the supporting polygon of the outer shell by the

starting torque, and it should be examined analytically and experimentally in the future.

Regarding the effect of angular acceleration, the magnitude of the floor reaction force should

be examined.
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